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Abstract

This study introduces a predator-prey fishery model possessing a distinctive structural com-
position, featuring a single-stage predator population alongside a two-stage prey population
dynamic. Additionally, the model considers harvesting efforts targeting the mature prey and
predator populations. The novelty of this work lies in the incorporation of a biologically realistic
two-stage prey structurewithin a fractional-order framework, alongwith the use of non-singular
Caputo-Fabrizio derivatives, which allows for more accurate modeling of memory-dependent
processes in ecological systems. To confirm the biological relevance of the proposed model, we
first establish the existence and uniqueness of its solution. All equilibrium points of the sys-
tem are determined and identified. Furthermore, the stability of the system, both locally and
globally, is analyzed by employing the Jacobian matrix for system linearization and utilizing the
Lyapunov direct approach for a detailed assessment. Lastly, numerical simulations are provided
to support the analytical results, along with a graphical analysis of the system’s behavior. The
numerical simulations are performed employing the three-step Adam-Bashforth technique for
fractional-order systems within the Caputo-Fabrizio framework.
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1 Introduction

Marine biology is the study of marine animals, their behavior, and their interactions with the
environment. A key objective of marine biology is to understand how oceanic phenomena influ-
ence the distribution of organisms. A key focus in studying the dynamics of marine ecosystems is
gaining a deeper understanding of food chains and predator-prey relationships. Marine species
play a vital role in the oxygen cycle and help regulate Earth’s temperature. However, the excessive
and uncontrolled harvesting of marine fish has the potential to drive many fish species to extinc-
tion. Another area of study in marine biology is the impact of various types of pollution on ma-
rine fish and plant life. This includes the effects of fertilizer and pesticide runoff from land-based
sources, oil spills from tankers, and sedimentation caused by coastal construction projects. Addi-
tionally, the past 50 years have seen a significant growth in the human population and remarkable
technological advancements. As a result, the global fish population has declined significantly.

The evolving relationships between predators and their prey in ecological systems are among
the most intriguing topics in mathematical ecology. Various factors contribute to shaping the be-
havior of predator-prey models, including mortality rates, environmental conditions, and compe-
tition among predator populations. A wide range of ecological models is now available to repre-
sent the real-world behavior of various prey-predator species, from logistic growth models [43]
to Lotka-Volterra interaction models [24, 44]. The predator-prey model plays a crucial role in un-
derstanding population dynamics. Over the years, numerous predator-prey systems have been
formulated and studied by ecologists and mathematicians [18, 40]. Jin and Rang [20] proposed a
predator-preymodel that includesmemory effects and intra-species competition among predators
to analyze the occurrence of Hopf bifurcation. A simple multispecies harvesting model with two
competing species and a predator was proposed by Kar and Chaudhuri [21], where the predator’s
feeding rate increases linearly with prey density.

Shao and Kong [36] studied a predator-prey model with Beddington-DeAngelis functional
response and multiple delays under both deterministic and stochastic environments to explore
the system’s dynamic behavior. In recent years, the theory of fractional calculus has progressed
swiftly and offers great potential for applications across multiple domains [33, 39]. Balci [8] stud-
ied the effects of predation fear and its carry-over impact in a fractional-order prey-predatormodel
incorporating prey refuge, highlighting how fear can reduce prey growth and alter predator-prey
dynamics. Bhunia. et al [11] investigated a fractional-order prey-predator model with delay and
harvesting, revealing how fractional dynamics and harvesting types influence stability and induce
switching behavior. A discrete fractional-order prey-predator model with predator harvesting
was analysed by Uddin et al. [41], demonstrating the occurrence of Neimark-Sacker and period-
doubling bifurcations and applying chaos control methods.

Unlike the integer-order derivative, the fractional derivative accounts for the entire time span
of a biological process. In this context, various studies have explored the application of fractional
calculus in modeling infectious diseases and biological systems. For instance, in [42], the authors
proposed a fractional tuberculosis model using the Caputo-Fabrizio derivative to analyze disease
dynamics and derive stability results. Similarly, a generalized fractional COVID-19model incorpo-
rating isolation and quarantine effects was developed and validated using real clinical data from
China, demonstrating better agreement with observed cases compared to classical models in [9].
Furthermore, Singh et al. [37] examined the dynamics of tumor growth using the Caputo-Fabrizio
fractal-fractional derivative, where existence, stability, and numerical solutions were established
through fixed-point theory and nonlinear analysis. Many population systems exhibit long-term
memory [16], an effect that is overlooked in integer-order population models. Consequently,
fractional-order populationmodels provide benefits that surpass those of traditional integer-order
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models [38]. By incorporating the Lyapunov direct approach and exploring generalized Mittag-
Leffler stability in nonlinear systems of fractional order, the authors have made substantial con-
tributions to the advancement of fractional population dynamics models [22]. Building on this,
researchers have applied this approach to create and analyze several fractional populationmodels.
For instance, Javidi et al. [19] presented a prey-predator interaction model incorporating harvest-
ing using fractional-order derivatives. Almatrafi et al. [6] studied a fractional-order predator-prey
modelwith Gompertz prey growth, analyzing its stability, bifurcations, and chaos control through
theoretical and numerical methods. Additionally, several studies have focused on disease models
related to the fishing industry. Sahoo et al. [34] analyzed strategies for controlling diseases within
a food chain model that incorporates substitute food sources. Ah et al. [2] examined how disease
in prey and cannibalism in predators affect the balance between predators and prey.

Recently, researchers have incorporated the Allee effect into ecological models to capture criti-
cal population thresholds and explore complex dynamics such as bistability, extinction scenarios,
and bifurcation behavior under various environmental and biological conditions. Researchers
have extensively explored the Allee effect due to its significant influence on species survival and
extinction dynamics, leading to insightful studies on population behavior under various ecological
conditions. In this context, Almatrafi et al. [5] investigated a predator-prey model incorporating
the Allee effect using the conformable fractional derivative. They analyzed the equilibrium stabil-
ity, bifurcation behavior, and chaos control through hybrid control techniques and numerical sim-
ulations. Furthermore, Almatrafi et al. [4] analyzed a fractional-order predator-prey model with
Allee effect using conformable derivatives and piecewise-constant approximation. They demon-
strated that the system undergoes Neimark-Sacker and period-doubling bifurcations under spe-
cific conditions. In [10], the authors explored the dynamics of a fractional-order activator-inhibitor
system using the conformable derivative, focusing on the stability of equilibria and identifying
conditions under which Neimark-Sacker and period-doubling bifurcations emerge.

This study examines the intricate behavior of predator-prey relationships by incorporating
a differential equation with a fractional-order derivative, providing an extended framework for
the fishery model. We assume that the prey population consists of two age structures: (i) the
immature or juvenile phase, and (ii) the mature or adult phase. Furthermore, we incorporate
the memory effect employing a fractional-order derivative, serving as a substitute for the tradi-
tional first-order derivative, and incorporate the influence of previous biological activities on the
current state of the population. In this direction, several studies have explored the role of frac-
tional calculus in biological modeling. Nawaz et al. [27] proposed a Caputo fractional-order TB
model incorporating immune and asymptomatic classes, analyzing existence, stability, and sensi-
tivity, and highlighting their roles in disease control through numerical simulations. In [31], the
authors developed a fractional-order eco-epidemic predator-prey model using both Caputo and
Atangana-Baleanu derivatives, analyzing stability, bifurcation, and bistability, and highlighting
differences in convergence behavior between the two approaches. The authors also studied a Ca-
puto fractional-order SEIRVmodel with optimal control for COVID-19, using real data from India
to analyze stability and demonstrating improved performance over integer-order models through
numerical simulations [25].

Additionally, a fractional-order predator-prey model with constant prey refuge and nonlin-
ear incidence was analyzed in [26], emphasizing the influence of fractional dynamics on system
behavior, stability, and Hopf bifurcation in comparison to classical models. Based on the mem-
ory effect, the current population dynamics are influenced by all previous conditions retained in
the system’s memory. These conditions include prior knowledge of where to find food, where to
seek protection, when to migrate, and other factors. Fractional derivatives can be categorized into
various forms, including those characterized by singular kernels, notably the Riemann-Liouville
derivative [7, 29] and the Caputo derivative [7, 29], which are fundamental concepts in fractional
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calculus. Additionally, some derivatives are characterized by non-singular kernels, such as the
Atangana-Baleanu derivative [13, 30], and the Caputo-Fabrizio derivative [1]. This study employs
the Caputo-Fabrizio derivative as it efficiently addresses the challenges posed by the singular ker-
nels present in the Riemann-Liouville and classical Caputo formulations. Initially proposed by
Caputo et al. [15], the Caputo-Fabrizio approach offers a refined perspective on fractional dif-
ferentiation. Unlike traditional derivatives, the Caputo-Fabrizio derivative is based on an expo-
nential kernel, which offers the advantage of not relying on a single kernel. The Caputo-Fabrizio
fractional derivative is also capable of capturing intricate dynamic behaviors that are challeng-
ing to represent with conventional integer-order derivatives. By accounting for memory effects
and long-range interactions, this framework enables a more accurate and detailed modeling of
complex systems found in biology, physics, and beyond.

We begin by developing a mathematical model using basic integer-order differential equa-
tions from classical calculus. We then extend this model within a fractional framework using the
Caputo-Fabrizio derivative. The novelty of this work lies in modeling the predator-prey dynamics
with a two-stage prey structure within a fractional-order framework using the Caputo-Fabrizio
fractional derivative, which introduces memory and non-local effects into the classical system.
Unlike traditional integer-order models, this fractional approach captures the hereditary prop-
erties and influence of the past states on the current population dynamics of predators and prey
(both immature andmature). Additionally, incorporating two different harvesting efforts - one for
predators and one for mature prey - adds a more realistic management aspect to the system. This
combination allows for a more accurate and flexible representation of ecological interactions and
harvesting impacts, offering new insights into stability and long-term behavior under fractional
dynamics.

This paper is structured as follows, with the remaining sections arranged in the followingman-
ner. Section 2 introduces the preliminaries of the Caputo-Fabrizio fractional derivative. Section 3
formulates the fishery model and discusses its boundedness. In Section 4, we examine the prop-
erties and analyze the Caputo-Fabrizio model. Section 5 examines the essential conditions for
ensuring the existence and uniqueness of solutions in the fractional model. Section 6 focuses on
determining the model’s equilibrium points, while Section 7 investigates the local stability of the
equilibrium points. Furthermore, in Section 8, a comprehensive analysis of the global stability of
the system is presented, examining its behavior over time and under varying conditions. Section 9
is dedicated to presenting the numerical discretization process, detailing the methods used to ap-
proximate the model for computational analysis. Section 10 provides a detailed discussion of the
key findings, offering insights into the implications and relevance of the results. Finally, Section
11 concludes the paper by summarizing the overall study and presenting our final observations
and reflections on the article.

2 Preliminaries

In this part, we outline the essential theorems, properties, and definitions that form the founda-
tion for analyzing the main results of the proposed predator-prey system. This study specifically
focuses on utilizing integrals and the Caputo-Fabrizio derivative.
Definition 2.1. The Riemann-Liouville fractional integral operator of order κ (where κ > 0) with lower
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limit h1 ≥ 0 is defined as follows:

(Jκ
t )f(t) =

1

Γ(κ)

∫ t

h1

(t− τ)κ−1f(τ)dτ, t > h1, (1)

(J0
t )f(t) = f(t), (2)

where Γ(.) refers to the Gamma function.

Definition 2.2. (Caputo and Fabrizio [7]) We consider the following fractional derivative for the function
f : [0,+∞] → R according to Caputo-Fabrizio sense of order κ:

Dκ
t f(t) =

CF (κ)

1− κ

∫ t

0

f ′(τ) exp

[
− κ

1− κ
(t− τ)

]
dτ, t > 0, (3)

or Dκ
t f(t) =

1

ϕ(κ)

∫ t

0

f ′(τ) exp [−µκ(t− τ)] dτ, t > 0, (4)

where µκ =
κ

1− κ
, ϕ(κ) = 1− κ

CF (κ)
. The function CF (κ) serves as a normalization function, satisfying

the conditions CF (0) = 1 and CF (1) = 1, where the order κ lies in the range (0, 1).

One benefit of this fractional derivative is its ability to remove the singularity linked to the Caputo
fractional derivative, as noted by Kilbas et al. [7] and Podlubny [32]. The following definition describes its
related integral.

Definition 2.3. (Losada and Nieto [23]) We examine the following fractional integral derivative for the
function f : [0,+∞] → R according to Caputo-Fabrizio sense of order κ, as follows:

Iκt f(t) =
2(1− κ)f(t)

(2− κ)CF (κ)
+

2κ

(2− κ)CF (κ)

∫ t

0

f(τ)dτ. (5)

The following equation represents the application of the Laplace transform to solve fractional differential
equations governed by the Caputo-Fabrizio fractional derivative [21]:

L[Dκ
t f ](s) = CF (κ)

sL(f)− f(0)

s+ κ(1− s)
, (6)

where L(f) denotes the function f’s Laplace transform.

Definition 2.4. (Hattaf [17]) We define the weighted generalized fractional derivative of order 0 ≤ κ ≤ 1
for a function f and weight function w, as described below:

Dκ,β
w f(t) =

1

ϕ(κ)
.

1

w(κ)

∫ t

h1

(wf)′(s)Eβ [−µκ(t− τ)β ]dτ, (7)

where the weight function w belongs to C1([h1, h2]) satisfying w > 0 and w′ > 0. The definition of the
related fractional integral is:

Iκ,βt,w f(t) = ϕ(κ)f(t) + ψ(κ)Iβt,wf(t), (8)

where Iβt,w denotes the weighted Riemann-Liouville fractional integral operator of order β.

Theorem 2.1. (Hattaf [17]) Let κ ∈ [0, 1), β > 0. Then,

Iκ,βt,w (Dκ,β
t,w f(t)) = f(t)−

(
w(h1)

w(t)
f(h1)

)
. (9)

When we take w(t)=1 and β = 1, we obtain the Caputo Fabrizio derivative, given by,

(Jκ
t D

κ
t f)(t) = f(t)− f(h1). (10)
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Lemma 2.1. (Wang and Wang [45]) Assume that the variable x ∈ R
+ is a continuous function that can

be derived. Then, the connection shown below is true whenever t > 0,

Dκ
t

[
x− x∗ − x∗ ln

( x
x∗

)]
≤
[
1− x

x∗

]
Dκ

t x. (11)

This lemma is crucial to our research, particularly in establishing the global asymptotic stability of the non-
trivial equilibrium point.

3 Model Formulation

In this research, we examine a predator-prey model with a single-stage predator and a two-
stage prey interacting with each other. The following sections will outline the key concepts that
guided the development of our basic mathematical model.

We begin our model by incorporating a predator population into the logistic growth model.
Let x(t) represents the population density of the predator at time t. The logistic function, first
introduced by Belgian mathematician Verhulst [43] in 1838, describes the growth of the predator
biomass x(t) as follows:

dx

dt
= rx

(
1− x

K

)
.

Here, the symbol r signifies the predator’s intrinsic per capita growth rate, reflecting its inher-
ent reproductive capacity, whileK represents the environment’s carrying capacity for the predator
population. The carrying capacity signifies the highest population size that the environment can
support, beyond which growth is no longer possible due to resource limitations. This implies that
as the population size increases, the per capita growth rate diminishes, ultimately reaching zero
when the population approaches the saturation point at sizeK.

The formulation of the predator population model is presented below:

dx

dt
= rx

(
1− x

K

)
− d1x− q1E1x.

Here, the term d1x signifies the natural mortality of the predator, while q1E1x represents the
amount of predator biomass harvested at time t.

The logistic growth model for the immature and mature prey population is given by:

dy

dt
= sy

(
1− y + z

L

)
,

dz

dt
= m1y

(
1− y + z

L

)
.

Here, at time t, y(t) represents the biomass density of immature prey and z(t) represents the
biomass density of the mature prey. L denotes the carrying capacity of the prey population. The
parameter s signifies the intrinsic per capita growth rate of the prey, whereas m1 represents the
maturation rate of the prey species.
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Thus, the model for immature and mature prey is constructed as follows:
dy

dt
= sy

(
1− y + z

L

)
−m1y − d2y − c1xy,

dz

dt
= m1y

(
1− y + z

L

)
− c2xz − q2E2z.

Here, the termm1y represents the immature species that attainsmaturity, d2y represents the death
rate of the immature prey species, c1xy and c2xy signify the functional response of the predator’s
grazing behavior, and q2E2z represents the harvested mature prey biomass at time t.

Taking into account the above considerations, we demonstrate the following predator-prey
model using a set of nonlinear ordinary differential equations as the framework:

dx

dt
= rx

(
1− x

K

)
− d1x− q1E1x, (12)

dy

dt
= sy

(
1− y + z

L

)
−m1y − d2y − c1xy, (13)

dz

dt
= m1y

(
1− y + z

L

)
− c2xz − q2E2z. (14)

All the parameters are considered to be positive. Here we have considered that for the mature
prey species, there is no natural mortality. Here, throughout our analysis, we assume that,

c1 > c2, s > m1. (15)

The predator species relies on the prey as its primary food source, and the process of converting
consumed prey into predator biomass is incorporated into the predator’s growth model. Equa-
tions (12)–(14) describe the overall dynamics of the predator-prey model and can be represented
by the equation below:

p(t) = x+ y + z,

dp

dt
=
dx

dt
+
dy

dt
+
dz

dt

= rx
(
1− x

K

)
− d1x− q1E1x+ sy

(
1− y + z

L

)
−m1y − d2y − c1xy

+m1y(1−
y + z

L
)− c2xz − q2E2z

= (r − d1 − q1E1)x− r

K
x2 + sy − d2y −

( s
L

+
m1

L

)
y2 −

( s
L

+
m1

L

)
yz

− c1xy − c2xz − q2E2z.

By further simplifying the calculations, we obtain,
dp

dt
≤ rx− r

K
x2 + sy − q2E2z.

By adding the positive quantity ϕp, where ϕ is any positive quantity, we obtain,
dp

dt
+ ϕp ≤ rx− r

K
x2 + sy − q2E2z + ϕ(x+ y + z)

= (r + ϕ)x− r

K
x2 + (s+ ϕ)y + (ϕ− q2E2)z.
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Now, if we choose ϕ < q2E2, then ϕ− q2E2 < 0. Also, since y ≤ L, it follows,

(s+ ϕ)y ≤ (s+ ϕ)L.

Hence,
dp

dt
+ ϕp ≤ − r

K

[
x2 − K

r
(r + ϕ)x

]
+ (s+ ϕ)L

= − r

K

[{
x−

(
r + ϕ

2

)
K

r

}2

−
{(

r + ϕ

2

)
K

r

}2
]
+ (s+ ϕ)L

≤ r

K
.
K2

r2

(
r + ϕ

2

)2

+ sL+ ϕL,

dp

dt
+ ϕp =

K

r

(
r + ϕ

2

)2

+ (s+ ϕ)L.

This implies,
dp

dt
+ ϕp ≤ C, where C =

K

r

(
r + ϕ

2

)2

+ (s+ ϕ)L.

Integrating gives,

p(t) ≤ C

ϕ
+ ce−ϕt, where c is a constant.

As t → ∞, e−ϕt → 0. Therefore, p(t) → C

ϕ
=

1

ϕ

[
K

r

(
r + ϕ

2

)2

+ (s+ ϕ)L

]
, which is a finite

quantity.

Thus, the total dynamics of the differential model is bounded by a finite number, which moti-
vates us to incorporate the memory effect into this differential model and study its dynamics.

4 Properties and Analysis of the Caputo-Fabrizio Model

This section examines the predator-prey fishery model (12)–(14) using the Caputo-Fabrizio
derivative. Since population dynamics are influenced by past states, the memory effect is essen-
tial for capturing real ecological interactions. To account for this, we reformulate the model with a
fractional differential approach in the Caputo-Fabrizio sense, ensuring a more accurate represen-
tation of predator-prey dynamics. Thus, the model in our entire study is

Dκ
t x = rx

(
1− x

K

)
− d1x− q1E1x, (16)

Dκ
t y = sy

(
1− y + z

L

)
−m1y − d2y − c1xy, (17)

Dκ
t z = m1y

(
1− y + z

L

)
− c2xz − q2E2z, (18)

where κ represents the fractional order with 0 < κ < 1, and the initial condition of the fractional
order model are x(0) > 0, y(0) > 0 and z(0) > 0 for all t ≥ 0.
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Theorem 4.1. Given that x(0) > 0, y(0) > 0, z(0) > 0, for all t ≥ 0, we show that the set
λ = { (x, y, z) ∈ R

3
+ } attracts all non-negative solutions of the fractional order system (16)–(18).

We present the following lemma that is utilized to demonstrate Theorem 4.1.

Lemma 4.1. (Odibat and Shawagfeh [28]) Suppose f(t) ∈ C[h1, h2] and Dt
κf(t) ∈ C(h1, h2] for all

0 < κ ≤ 1, then we have f(t) = f(h1) +
1

Γ(κ)
Dt

κf(ζ)(t− h1)
κ, where h1 ≤ ζ ≤ t, for all t ∈ (h1, h2].

Proof. Based on Definition 2.1, from (1) and (2), we can deduce the following:

(Jκ
t D

κ
t )f(t) =

1

Γ(κ)

∫ t

h1

(t− τ)κ−1(Dκ
t f)(τ)dτ,

(Jκ
t D

κ
t f)(t) =

1

Γ(κ)
(Dκ

t )f)(ζ)

∫ t

h1

(t− τ)κ−1dτ

=
1

Γ(κ)
(Dκ

t f)(ζ).(t− h1)
κ, for 0 ≤ ζ ≤ t. (19)

On the other hand, according to (1), we have

(Jκ
t D

κ
t f)(t) = f(t)− f(h1). (20)

So, from (19) and (20), we obtain Lemma 4.1.
Remark 4.1. Assume that g(x) ∈ C[h1, h2] and Dt

κg(x) ∈ C[h1, h2] for 0 < κ ≤ 1. Thus, it follows
from Lemma 4.1 that if Dt

κg(x) ≥ 0 for all x ∈ (h1, h2), then g(x) is non decreasing and if Dt
κg(x) ≤ 0

for all x ∈ (h1, h2), then g(x) is non increasing.

Now, we establish Theorem 16.

Proof. Here, we show that λ is positively invariant by demonstrating that the non-negative orthant
of the vector field points into λ for any hyperplane bounding. Thus, from the system (16)–(18),
we have

Dκ
t x = 0, (on the line x(t) = 0).

Since x(0) ≥ 0, and using Remark 4.1, x(t) is non-decreasing,

Dκ
t y = 0, (on the line y(t) = 0).

Since y(0) ≥ 0, and using Remark 4.1, y(t) is non-decreasing,

Dκ
t z = m1y

(
1− y

L

)
≥ 0, (on the line z(t) = 0),

≥ 0 [ ∵ y(t) ≤ L].

∴ z(t) is non-decreasing.

Consequently, for t ≥ 0, λ is positively invariant and serves as an attractor for all non-negative
solutions of the system (16)–(18).
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5 Existence and Uniqueness of the Solution to the Fractional model

This section focuses on analyzing the fractional fishery model represented by (16)–(18). This
section aims to identify the conditions that guarantee a unique and ecologically viable solution for
the fishery model. For simplification, we consider,

δ1(x, t) = rx
(
1− x

K

)
− d1x− q1E1x, (21)

δ2(y, t) = sy

(
1− y + z

L

)
−m1y − d2y − c1xy, (22)

δ3(z, t) = m1y

(
1− y + z

L

)
− c2xz − q2E2z. (23)

The following function spaces are established. The Banach space, consisting of all functions
that remain continuous and differentiable over the interval [0, g] and map to R, is represented by
C([0, g],R), and Cκ[0, g] = {x : [0, g]− > R, s.t. Dκ

t x ∈ C[0, g]}.

For simplicity, we consider the classical norm defined by ∥δ∥CK
= supt∈[0,g] | δ(t, x) |. We

use the following notation in the next section of the study in relation to the applied norm. We
concentrate on the following fractional differential equation:

Dκ
t x = δ1(t, x), Dκ

t y = δ2(t, y) and Dκ
t z = δ3(t, z).

In this section, Banach fixed-point theory is utilized as the analytical framework to investigate
the existence and uniqueness of solutions for the fractional-order system.
Theorem 5.1. Let the functions δ1(x, t), δ2(y, t), and δ3(z, t) defined in (21)–(23) be continuous and
satisfy Lipschitz conditions on the Banach space C([0, g],R). Then, for sufficiently small g > 0, each δi
defines a contraction mapping if,

Cκ(g) · ξi < 1, for i = 1, 2, 3,

where ξi is the Lipschitz constant of δi, and Cκ(g) is the norm of the Caputo-Fabrizio integral operator over
[0, g].

Proof. Webegin by transforming the fractional-order system into an equivalent integral formusing
the Caputo-Fabrizio fractional integral operator as defined in (3).

Accordingly, the system can be rewritten as:
x(t) = x0 + IκCF (δ1(t, x)) ,

y(t) = y0 + IκCF (δ2(t, y)) ,

z(t) = z0 + IκCF (δ3(t, z)) .

We first show that δ1 is Lipschitz continuous. Let x1, x2 ∈ C([0, g],R). Then,

∥δ1(x1, t)− δ1(x2, t)∥ =
∥∥∥(r − d1 − q1E1) (x1 − x2)−

r

K
(x21 − x22)

∥∥∥
=
∥∥∥[r − d1 − q1E1 −

r

K
(x1 + x2)

]
(x1 − x2)

∥∥∥
≤
(
|r − d1 − q1E1|+

r

K
∥x1 + x2∥

)
∥x1 − x2∥.
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Assuming ∥xi∥ ≤M for i = 1, 2, we define the Lipschitz constant:

ξ1 = |r − d1 − q1E1|+
2rM

K
.

Under this assumption, we obtain
∥δ1(x1, t)− δ1(x2, t)∥ ≤ ξ1∥x1 − x2∥,

which implies that δ1is Lipschitz continuous with Lipschitz constant ξ1. Similarly, we can obtain
that δ2 and δ3 are Lipschitz continuous with the corresponding Lipschitz constants ξ2 and ξ3.

We now define Picard’s operator as:
T [x](t) = x0 + IκCF (δ1(t, x)) .

To analyze the contraction property of the operator, we begin by estimating the norm of the
Caputo-Fabrizio integral operator. For any f ∈ C([0, g],R), we consider the function f(t) = 1.
Then, by the Caputo-Fabrizio integral (3), we have

IκCF 1(t) =
2(1− κ)

(2− κ)CF(κ) +
2κ

(2− κ)CF(κ) · t.

Taking the supremum norm over the interval [0, g], we obtain

∥IκCF 1∥ = sup
t∈[0,g]

|IκCF 1(t)| =
2(1− κ)

(2− κ)CF(κ) +
2κg

(2− κ)CF(κ) .

We define this bound as:

Cκ(g) =
2(1− κ)

(2− κ)CF(κ) +
2κg

(2− κ)CF(κ) .

Now, using the Lipschitz continuity of δ1, we estimate the norm of the operator T as follows:
∥T [x1]− T [x2]∥ = ∥IκCF (δ1(t, x1)− δ1(t, x2))∥

≤ ∥IκCF ∥ · ∥δ1(x1, t)− δ1(x2, t)∥
≤ Cκ(g) · ξ1 · ∥x1 − x2∥.

Therefore, the operator T is a contraction if the following condition holds:
Cκ(g) · ξ1 < 1.

Therefore, by Banach’s fixed point theorem, a unique fixed point x(t) exists in C([0, g],R). Simi-
larly, for the functions δ2 and δ3, if the corresponding Lipschitz constants ξ2 and ξ3 satisfy
0 ≤ Cκ(g) ·ξ2, Cκ(g) ·ξ3 < 1, then the same type of argument applies. As a result, we can conclude
that by Banach’s fixed point theorem, unique fixed points y(t) and z(t) exists in C([0, g],R).
Theorem 5.2 (Uniqueness of Solutions). Let x1(t), x2(t), y1(t), y2(t), z1(t), and z2(t) be solutions to
the integral equations,

x(t) = x0 + IκCF (δ1(t, x)) ,

y(t) = y0 + IκCF (δ2(t, y)) ,

z(t) = z0 + IκCF (δ3(t, z)) ,
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where each δi is Lipschitz continuous with constant ξi, and the Caputo-Fabrizio operator norm satisfies,

Cκ(g) · ξi < 1, for i = 1, 2, 3.

Then, x1(t) = x2(t), y1(t) = y2(t), and z1(t) = z2(t) for all t ∈ [0, g]; that is, the solution to each
component is unique.

Proof. Since both x1 and x2 are solutions of the integral equation, we have
x1(t) = x0 + IκCF (δ1(t, x1(t))) ,

x2(t) = x0 + IκCF (δ1(t, x2(t))) .

Subtracting the above two equations yields
x1(t)− x2(t) = IκCF (δ1(t, x1)− δ1(t, x2)) .

Taking norms on both sides and applying the norm estimate for the Caputo-Fabrizio integral op-
erator, we get,
∥x1 − x2∥ ≤ ∥IκCF (δ1(t, x1)− δ1(t, x2))∥ ≤ Cκ(g) · ∥δ1(t, x1)− δ1(t, x2)∥ ≤ Cκ(g) · ξ1 · ∥x1 − x2∥,

which implies that,
[1− Cκ(g) · ξ1] · ∥x1 − x2∥ ≤ 0.

Since Cκ(g) · ξ1 < 1, it must satisfy that ∥x1 − x2∥ = 0, which implies,
x1(t) = x2(t), for all t ∈ [0, g].

Similarly, the same steps can be repeated for the y(t) and z(t) components under the assumptions
Cκ(g) · ξ2 < 1 and Cκ(g) · ξ3 < 1, respectively. This proves that y1(t) = y2(t) and z1(t) = z2(t) on
the interval [0, g], thereby ensuring uniqueness of the full solution vector (x(t), y(t), z(t)).

6 Biological Equilibria

Biological equilibria are essentially the steady-state points of our model. Hence, the equilib-
rium points of the system (12)–(14) are determined by solving the following set of simultaneous
equations:

dx

dt
= rx

(
1− x

K

)
− d1x− q1E1x = 0, (24)

dy

dt
= sy

(
1− y + z

L

)
−m1y − d2y − c1xy = 0, (25)

dz

dt
= m1y

(
1− y + z

L

)
− c2xz − q2E2z = 0. (26)

The equilibriumpointE0 = (0, 0, 0) represents the initial equilibrium, indicating the extinction
of both the predator and the immature andmature prey. This equilibrium point is always present.
The second equilibrium point E∗

1 (x̄, 0, 0) represents the state where only predator biomass is
present, with no prey biomass. The existence of this equilibrium point is given by the condition:

r − d1 − q1E1 > 0.
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The existence of the equilibrium point E∗
2 (0, ȳ, z̄), which denotes the absence of the predator

and the presence of only the prey population, is established in the following theorem.
Theorem 6.1. The equilibrium point E∗

2 (0, ȳ, z̄) exist if it satisfies the condition: s > m1 + d2 > 0.

Proof. From the governing equation (25), we have

y = 0 or y + z =
L

s
(s−m1 − d2 − c1x).

If x = 0, then y + z =
L

s
(s−m1 − d2). (27)

If s −m1 − d2 < 0, then y + z does not exist. Therefore, for a non-zero equilibrium point to
exist, the condition s−m1 − d2 > 0must be satisfied.

Then, from (26), we have

z =
m1y

q2E2

[
1− 1

s
(s−m1 − d2)

]
. (28)

Using (28) in (27), we have

y =

L

s
(s−m1 − d2)

1 +
m1

q2E2

(
1− 1

s
(s−m1 − d2)

) .
Hence, we have the equilibrium point E∗

2 (0, ȳ, z̄), where

x = 0, ȳ =

L

s
(s−m1 − d2)

1 +
m1

q2E2

(
1− 1

s
(s−m1 − d2)

) and z̄ =
m1y

q2E2

[
1− 1

s
(s−m1 − d2)

]
.

Theorem 6.2. For the existence of the coexisting equilibrium point E∗(x∗, y∗, z∗) it must satisfy the con-
ditions:

1. r − d1 − q1E1 > 0.

2. s−m1 − d2 > c1x
∗ +

sz∗

L
> 0.

3. c2x+ q2E2 > 0.

Proof. From the governing equations, we analyze the equilibrium conditions as follows:

• Equation (24) gives x = 0 or x =
K

r
(r − d1 − q1E1).

• For x ̸= 0, we have x =
K

r
(r − d1 − q1E1) = x∗(say).
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• From (25), we have y = 0 or y∗ =
L

s

(
s−m1 − d2 − c1x

∗ − sz∗

L

)
.

• From (26), we have z = 0 or z∗ =
m1y

∗(L− y∗)

L(c2x∗ + q2E2)
.

At equilibrium, z∗ ≥ 0, so the denominator c2x∗ + q2E2 > 0. Additionally, z∗ is feasible when
y∗(L − y∗) > 0, which is satisfied naturally as 0 < y∗ < L. Thus, to ensure the existence of the
equilibrium point E∗(x∗, y∗, z∗) the following feasibility conditions must hold:

1. r − d1 − q1E1 > 0.

2. s−m1 − d2 > c1x
∗ +

sz∗

L
> 0.

3. c2x+ q2E2 > 0.

Hence, the system has a co-existing equilibrium point denoted as E∗(x∗, y∗, z∗).

7 Analysis of the Local Stability of Equilibrium Points

The local stability of the non-linear systems involving fractional derivative provides insights
into the behaviour of solutions near the equilibrium points. The Caputo-Fabrizio derivative, char-
acterized by a non-singular and exponential kernel, offers an advantage over classical definitions
by avoiding singularities and simplifying certain analytical procedures. In this context, local sta-
bility is typically assessed by linearizing the system around its equilibrium points and examining
the signs of the eigenvalues of the corresponding Jacobian matrix J . The Routh-Hurwitz criterion
is used to check if all roots of the characteristic equation have negative real parts, confirming local
stability of the equilibrium. If all eigenvalues are negative real numbers, they satisfy the condi-
tion | arg(λ)| > κπ

2
, thereby ensuring local stability [12, 35]. We define the fractional differential

equation as follows:

Dκ
t x = u(x, y, z), Dκ

t y = v(x, y, z) and Dκ
t z = w(x, y, z). (29)

The equations provided by the following relationships are satisfied by the equilibrium points
of (29):

u(xeq, yeq, zeq) = 0, v(xeq, yeq, zeq) = 0 and w(xeq, yeq, zeq) = 0, (30)

where (xeq, yeq, zeq) stands for the fractional model’s equilibrium point. We obtain four distinct
equilibrium points with one element null following resolution.
Theorem 7.1. The point E0 is an unstable saddle equilibrium point.

Proof. The Jacobian matrix evaluated at the trivial equilibrium point E0(0, 0, 0) is given by:

J(E0) =

r − d1 − q1E1 0

0 s−m1 − d2 0

0 m1 −q2E2

 .
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The eigenvalues at the equilibrium pointE0(0, 0, 0) are λ1 = r−d1−q1E1 , λ2 = s−m1−d2 and
λ3 = −q2E2 . Here, one of the eigenvalues, λ3, is negative. Thus, | arg(λ3)| >

κπ

2
is satisfied. For

the existence of the nonzero equilibrium point, conditions r− d1 − q1E1 > 0 and s−m1 − d2 > 0
must be satisfied, leading to the conclusion that the equilibrium point must imply λ1 > 0 and
λ2 > 0. As a result, it satisfies the condition | arg(λ1)| <

κπ

2
and | arg(λ2)| <

κπ

2
. Thus, E0 is an

unstable saddle equilibrium point.

Theorem 7.2. If s−m1−d2 < c1x̄ and if r−d1− q1E1 <
2rx̄

K
, then E∗

1 is locally asymptotically stable.
The equilibrium point E∗

1 is a saddle point if one of the following conditions holds:

1. s−m1 − d2 > c1x̄ and if r − d1 − q1E1 <
2rx̄

K
, or

2. s−m1 − d2 < c1x̄ and if r − d1 − q1E1 >
2rx̄

K
.

Proof. The Jacobian matrix evaluated at the equilibrium point E∗
1 (x̄, 0, 0), which corresponds to

the absence of prey biomass and the presence of only predator biomass is given by:

J(E∗
1 ) =


−2rx̄

K
+

(r − d1 − q1E1) 0 0

0 s−m1 − d2 − c1x̄ 0

0 m1 −c2x̄− q2E2

 .

The eigenvalues at the equilibrium point E∗
1 (x̄, 0, 0) are λ1 = −2rx̄

K
+ (r1 − d2 − q1E1),

λ2 = s−m1 − d2 − c1x̄ and λ3 = −c2x̄ − q2E2. Since λ3 is negative, it follows that the argument
of λ3 satisfies | arg(λ3)| >

κπ

2
. Therefore, the stability is validated by the argument of λ3. Now,

if s − m1 − d2 < c1x̄, then subsequently λ2 has a negative sign that impacts | arg(λ2)| >
κπ

2
. If

r − d1 − q1E1 <
2rx̄

K
, then λ1 < 0, which implies that it satisfies the condition | arg(λ1)| >

κπ

2
.

Therefore, the equilibrium point E∗
1 (x̄, 0, 0) exhibits local asymptotic stability if and only if this

stated condition is satisfied; otherwise, it behaves as a saddle point.
Theorem 7.3. If∆ = 18β1β2β3+(β1β2)

2−4β3β
3
1 −4β3

2 −27β3
3 , then the equilibrium pointE∗

2 (0, ȳ, z̄)
is locally asymptotically stable if atleast one of the following conditions is satisfied:

1. ∆ > 0 , β1 > 0, β3 > 0 and β1β2 > β3.

2. ∆ < 0, β1 ≥ 0, β2 ≥ 0, β3 > 0 and κ <
2

3
.

3. ∆ < 0, β1 < 0, β2 < 0 and κ >
2

3
.

4. ∆ < 0, β1 > 0, β2 > 0, β1β2 = β3 for all 0 < κ < 1.
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Proof. The Jacobianmatrix at the equilibrium pointE∗
2 (0, ȳ, z̄), which represents the scenario with

the presence of immature and mature prey but no predator biomass, is given by:

J(E∗
2 ) =

a11 a12 a13

a21 a22 a23

a31 a32 a33

 ,

where

a11 = −r + d1 + q1E1, a12 = 0, a13 = 0,

a21 = c1ȳ, a22 =
2sȳ

L
− s+

sz̄

L
+m1 + d2, a23 =

sȳ

L
,

a31 = c2z̄, a32 =
2m1ȳ

L
−m1 +

m1z̄

L
, a33 =

m1ȳ

L
+ q2E2.

The characteristic polynomial corresponding to the above Jacobian matrix is

λ3 + β1λ
2 + β2λ+ β3 = 0,

where the parameters are given by:

β1 = r − d1 − q1E1 + s−m1 − d2 − q2E2 − (2s+m1)
ȳ

L
− sz̄

L
,

β2 = (r − d1 − q1E1 − q2E2)
(
s−m1 − d2 − (2ȳ + z̄)

s

L

)
+ (m1 + d2)

m1ȳ

L

− (r − d1 − q1E1)
(m1ȳ

L
+ q2E2

)
,

β3 = (r − d1 − q1E1)
[
(m1 + d2)

m1ȳ

L
−
(
s−m1 − d2 − (2ȳ + z̄)

s

L

)
q2E2

]
.

Hence, based on the application of Proposition 1 in Ahmed et al. [3], we can confirm the
validity of all of the propositions provided in Theorem 7.3.
Theorem 7.4. If∆ = 18γ1γ2γ3+(γ1γ2)

2−4γ3γ
3
1−4γ32−27γ33 , then the equilibrium pointE∗(x∗, y∗, z∗)

is locally asymptotically stable if atleast one of the following conditions is satisfied:

1. ∆ > 0, γ1 > 0, γ3 > 0 and γ1γ2 > γ3.

2. ∆ < 0, γ1 ≥ 0, γ2 ≥ 0, γ3 > 0 and κ <
2

3
.

3. ∆ < 0, γ1 < 0, γ2 < 0 and κ >
2

3
.

4. ∆ < 0, γ1 > 0, γ2 > 0, γ1γ2 = γ3 for all 0 < κ < 1.

Proof. The Jacobian matrix at the co-existing equilibrium point E∗(x∗, y∗, z∗) is

J(E∗) =

b11 b12 b13

b21 b22 b23

b31 b32 b33

 ,
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where

b11 =
2rx∗

K
− r + d1 + q1E1, b12 = 0, b13 = 0,

b21 = c1y
∗, b22 =

2sy∗

L
+
sz∗

L
− s+m1 + d2 + c1x

∗, b23 =
sy∗

L
,

b31 = c2z
∗, b32 =

2m1y
∗

L
+
m1z

∗

L
−m1, b33 =

m1y
∗

L
+ c2x

∗ + q2E2.

The characteristic polynomial corresponding to the above Jacobian matrix is

λ3 + γ1λ
2 + γ2λ+ γ3 = 0,

where the parameters are given by:

γ1 = −2rx∗

K
+ r − d1 − q1E1 −

2sy∗

L
− sz∗

L
+ s−m1 − d2 − c1x

∗ − m1y
∗

L
− c2x

∗ − q2E2,

γ2 =

(
2sy∗

L
+
sz∗

L
− s+m1 + d2 + c1x

∗
)(

m1y
∗

L
+ c2x

∗ + q2E2 +
2rx∗

K
− r + d1 + q1E1

)
− sy∗

L

(
2m1y

∗

L
+
m1z

∗

L
−m1

)
+

(
2rx∗

K
− r + d1 + q1E1

)(
m1y

∗

L
+ c2x

∗ + q2E2

)
,

γ3 =

(
2rx∗

K
− r + d1 + q1E1

)[
m2

1y
∗

L
+
d2m1y

∗

L
+
c1m1x

∗y∗

L
+ (c2x

∗ + q2E2)×(
2sy∗

L
+
sz∗

L
− s+m1 + d2 + c1x

∗
)]

.

Hence, based on the application of Proposition 1 in Ahmed et al. [3], we can confirm the
validity of all of the propositions provided in Theorem 7.4.

8 Analysis of Lyapunov Global Stability

In this section, we employ the Lyapunov functionmethod to analyze the stability of the system
as shown in [35, 14]. To study the global stability of the non-trivial co-existing equilibrium point,
we propose a Lyapunov function defined as Q(x, y, z) = Q1(x) +Q2(y) +Q3(z), where

Q1(x) =
[
x− x∗ − x∗ ln

( x
x∗

)]
, (31)

Q2(y) =

[
y − y∗ − y∗ ln

(
y

y∗

)]
, (32)

Q3(z) =
[
z − z∗ − z∗ ln

( z
z∗

)]
. (33)

This function is valid for stability analysis because it is continuously differentiable and positive
definite, with Q(x, y, z) ≥ 0 for all positive x, y, z, and it equals zero if and only if
(x, y, z) = (x∗, y∗, z∗), the equilibrium point. These properties ensure that Q effectively measures
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the deviation from equilibrium, making it suitable for proving global stability of the system. Next,
we utilize the Caputo-Fabrizio derivative on the Lyapunov function associated with (31),

Dκ
t Q1(x) ≤

[
1− x∗

x

]
Dκ

t x, [using (11)]

≤
[
x− x∗

x

] [
rx
(
1− x

K

)
− d1x− q1E1x

]
.

Furthermore, the equation above can be rewritten as follows at the non-trivial equilibrium point:

Dκ
t Q1(x) ≤

[
x− x∗

x

] [
rx
(
1− x

K

)
− d1x− q1E1x

]
≤
[
x− x∗

x

] [
r(x− x∗)− r(x2 − x∗2)

K
− d1(x− x∗)− q1E1(x− x∗)

]
= (r − d1 − q1E1)

(x− x∗)2

x
− r

K

(x− x∗)2(x+ x∗)

x

≤
(
r − d1 − q1E1 −

r

K
x∗
) (x− x∗)2

x
.

Now, to get Dκ
t Q1(x) ≤ 0, it must satisfy E1 ≥ 1

q1

(
r − d1 −

rx∗

K

)
.

We proceed with the computations using the second and third equations of the predator -prey
model. By applying the Caputo-Fabrizio derivative to the Lyapunov function (32)–(33), we obtain
the following results:

Dκ
t Q2(y) +Dκ

t Q3(z) ≤

[
1− y∗

y

]
Dκ

t y +

[
1− z∗

z

]
Dκ

t z

≤

[
y − y∗

y

][
sy

(
1− y + z

L

)
−m1y − d2y − c1xy

]
+

[
z − z∗

z

]
×[

m1y

(
1− y + z

L

)
− c2xz − q2E2z

]

≤

[
y − y∗

y

][
s(y − y∗)− s

L
(y2 − y∗2)− s

L
(yz − y∗z∗)−m1(y − y∗)

−d2(y − y∗)− c1(xy − x∗y∗)

]
+

[
z − z∗

z

][
m1(y − y∗)− m1

L
(y2 − y∗2)

−m1

L
(yz − y∗z∗)− c2(xz − x∗z∗)− q2E2(z − z∗)

]
,

Dκ
t Q2(y) +Dκ

t Q3(z) ≤ s
(y − y∗)2

y
− s

L
· y

∗(y − y∗)(z − z∗)

y
− c1 ·

y∗(x− x∗)(y − y∗)

y

+m1 ·
(y − y∗)(z − z∗)

z
− m1

L
· (y + y∗)(y − y∗)(z − z∗)

z

− m1

L
· z

∗(y − y∗)(z − z∗)

z
− c2 ·

z∗(x− x∗)(z − z∗)

z
− q2E2 ·

(z − z∗)2

z
.
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Consider a domain, Ω∗ =

{
(x, y, z)

∣∣∣∣ xx∗ > 1,
y

y∗
> 1,

z

z∗
> 1,

y + z

y∗ + z∗
< 1

}
. Then, we have

Dκ
t Q2(y) +Dκ

t Q3(z) ≤ s
(y − y∗)2

y
+m1

(y − y∗)(z − z∗)

z
− q2E2

(z − z∗)2

z

≤ s
(z − z∗)2

y
+m1

(z − z∗)2

z
− q2E2

(z − z∗)2

z

=

(
s

y
+
m1

z
− q2E2

z

)
(z − z∗)2.

Now, to ensure that Dκ
t Q2(y) +Dκ

t Q3(z) ≤ 0, the following condition must be satisfied:
s

y
+
m1

z
− q2E2

z
≤ 0, which follows that E2 ≥ m1

q2
, as 0 ≤ z ≤ L.

Finally, the expression below denotes the Caputo-Fabrizio derivative of the Lyapunov function
Q concerning the trajectories governed by (16)–(18),

Dκ
t Q = Dκ

t Q1(x) +Dκ
t Q2(y) +Dκ

t Q3(z) ≤ 0.

From the existence of non-zero x, we have the condition E1 ≤ r − d1
q1

. Thus, the harvesting
effort of the predator must satisfy the condition:

1

q1

(
r − d1 −

rx∗

K

)
≤ E1 ≤ r − d1

q1
. (A)

Moreover, the harvesting effort of the prey must satisfy the condition:

E2 ≥ m1

q2
. (B)

Therefore, when the conditions specified in (A) and (B) are satisfied, the interior equilibrium
point is globally asymptotically stable, indicating that all trajectories of the system eventually con-
verge to this equilibrium.

9 Numerical Discretization

The numerical simulation of the model system (16)–(18) has been generated using the three-
step Adams-Bashforth schemes, as presented in [29]. A comprehensive examination of the frac-
tional fishery model will be performed utilizing the solutions. From the definition of the Caputo-
Fabrizio operator, we obtain:

Dκ
t u(t) =

CF (κ)

1− κ

∫ t

0

u′(τ)e−
κ

1−κ (t−τ)dτ,

f(t, u(t)) =
CF (κ)

1− κ

∫ t

0

u′(τ)e−
κ

1−κ (t−τ)dτ, [Here, f(t, u(t)) = Dκ
t u(t)],∫ t

0

u′(τ)e−
κ

1−κ (t−τ)dτ =
1− κ

CF (κ)
f(t, u(t)),[

e−
κ

1−κ (t−τ)u(τ)
]t
0
−
∫ t

0

(
κ

1− κ

)
e−

κ
1−κ (t−τ)u(τ)dτ =

1− κ

CF (κ)
f(t, u(t)),
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u(t)− e−
κ

1−κ (t)u(0) =
1− κ

CF (κ)
f(t, u(t)) +

κ

CF (κ)

∫ t

0

f(τ, u(τ))dτ,

u(t)− u(0) =
1− κ

CF (κ)
f(t, u(t)) +

κ

CF (κ)

∫ t

0

f(τ, u(τ))dτ.

∵ Caputo-Fabrizio derivative Dκ
t u(t) i.e. f(t, u(t)) is a linear transformation.

Upon discretization, the following recurrence relation is derived:

u(tn+1)− u(0) =
1− κ

CF (κ)
f(tn, u(tn)) +

κ

CF (κ)

∫ tn+1

0

f(t, u(t))dt, (34)

u(tn)− u(0) =
1− κ

CF (κ)
f(tn−1, u(tn−1)) +

κ

CF (κ)

∫ tn

0

f(t, u(t))dt. (35)

The difference between (34) and (35) gives,

u(tn+1)− u(tn) =
1− κ

CF (κ)
{f(tn, un)− f(tn−1, un−1)}+

κ

CF (κ)

∫ tn+1

tn

f(t, u(t))dt, (36)

where∫ tn+1

tn

f(t, u(t))dt =

∫ tn+1

tn

{
f(tn, un)

h
(t− tn)−

f(tn−1, un−1)

h
(t− tn−1)

+
f(tn−2, un−2)

h
(t− tn)

}
dt, [By Lagrange Interpolation] (37)∫ tn+1

tn

f(t, u(t))dt =
23h

12
f(tn, un)−

16h

12
f(tn−1, un−1) +

5h

12
f(tn−2, un−2). (38)

Thus,

u(tn+1)− u(tn) =
1− κ

CF (κ)
{f(tn, un)− f(tn−1, un−1)}+

κh

12CF (κ)
×

{23f(tn, un)− 16f(tn−1, un−1) + 5f(tn−2, un−2)}, (39)

which implies that,

u(tn+1)− u(tn) =

(
1− κ

CF (κ)
+

23κh

12CF (κ)

)
f(tn, un)−

(
1− κ

CF (κ)
+

16κh

12CF (κ)

)
×

f(tn−1, un−1) +
5κh

12CF (κ)
f(tn−2, un−2). (40)

Hence,

un+1 = un +

(
1− κ

CF (κ)
+

23κh

12CF (κ)

)
f(tn, un)−

(
1− κ

CF (κ)
+

16αh

12CF (κ)

)
×

f(tn−1, un−1) +
5κh

12CF (κ)
f(tn−2, un−2). (41)

This is the Adam-Bashforth three-step approach to obtain the fractional derivative of the Ca-
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puto Fabrizio formula, where the error term is

Er =
κ

CF (κ)

∫ t

0

3

8
f (4)(τ)h3dτ,

∥Er∥κ =
κ

CF (κ)
∥
∫ t

0

3

8
f (4)(τ)h3∥κdτ

≤ 3κh3

8CF (κ)

∫ t

0

∥f (4)(τ)∥κdτ

≤ 3κh3

8CF (κ)
.Tmax(Θ), (42)

where Θ = max ∥f (4)(τ)∥κ . Therefore, from (41), we have

u(tn+1) = u(tn) +Af(tn, un)−Bf(tn−1, un−1) + Cf(tn−2, un−2), (43)

where

A =
1− κ

CF (κ)
+

23κh

12CF (κ)
, B =

1− κ

CF (κ)
+

16κh

12CF (κ)
, C =

5κh

12CF (κ)
.

Thus, we have the following equations,

x(tn+1) = x(tn) +Au(tn, xn)−Bu(tn−1, xn−1) + Cu(tn−2, xn−2), (44)
y(tn+1) = y(tn) +Av(tn, yn)−Bv(tn−1, yn−1) + Cv(tn−2, yn−2), (45)
z(tn+1) = z(tn) +Aw(tn, zn)−Bw(tn−1, zn−1) + Cw(tn−2, zn−2), (46)

where h represents the step size.

At the point (tn, xn), the discrete forms of functions u, v, w are determined by the following
equations:

u(tn, xn) = rxn

(
1− xn

K

)
− d1xn − q1E1xn,

v(tn, xn) = syn

(
1− yn + zn

L

)
−m1yn − d2yn − c1xnyn,

w(tn, xn) = m1yn

(
1− yn + zn

L

)
− c2xnzn − q2E2zn.

At the point (tn−1, xn−1), the discrete forms of functionsu, v,w are determined by the following
equations:

u(tn−1, xn−1) = rxn−1

(
1− xn−1

K

)
− d1xn−1 − q1E1xn−1,

v(tn−1, xn−1) = syn−1

(
1− yn−1 + zn−1

L

)
−m1yn−1 − d2yn−1 − c1xn−1yn−1,

w(tn−1, xn−1) = m1yn−1

(
1− yn−1 + zn−1

L

)
− c2xn−1zn−1 − q2E2zn−1.

At the point (tn−2, xn−2), the discrete forms of functionsu, v,w are determined by the following

367



B. Sonowal et al. Malaysian J. Math. Sci. 20(1): 347–375(2026) 347 - 375

equations:

u(tn−2, xn−2) = rxn−2

(
1− xn−2

K

)
− d1xn−2 − q1E1xn−2,

v(tn−2, xn−2) = syn−2

(
1− yn−2 + zn−2

L

)
−m1yn−2 − d2yn−2 − c1xn−2yn−2,

w(tn−2, xn−2) = m1yn−2

(
1− yn−2 + zn−2

L

)
− c2xn−2zn−2 − q2E2zn−2.

Inserting the values of u into (44) results in the subsequent equation,

x(tn+1)− x(tn) =

(
1− κ

CF (κ)
+

23κh

12CF (κ)

)[
rxn

(
1− xn

K

)
− d1xn − q1E1xn

]

−

(
1− κ

CF (κ)
+

16κh

12CF (κ)

)[
rxn−1

(
1− xn−1

K

)
− d1xn−1 − q1E1xn−1

]

+
5κh

12CF (κ)

[
rxn−2

(
1− xn−2

K

)
− d1xn−2 − q1E1xn−2

]
.

Inserting the values of v into (45) results in the subsequent equation,

y(tn+1)− y(tn) =

(
1− κ

CF (κ)
+

23κh

12CF (κ)

)[
syn

(
1− yn + zn

L

)
−m1yn − d2yn − c1xnyn

]

−

(
1− κ

CF (κ)
+

16κh

12CF (κ)

)[
syn−1

(
1− yn−1 + zn−1

L

)
−m1yn−1 − d2yn−1

−c1xn−1yn−1

]
+

5κh

12CF (κ)

[
syn−2

(
1− yn−2 + zn−2

L

)
−m1yn−2

−d2yn−2 − c1xn−2yn−2

]
.

Inserting the values of w into (46) results in the subsequent equation,

z(tn+1)− z(tn) =

(
1− κ

CF (κ)
+

23κh

12CF (κ)

)[
m1yn

(
1− yn + zn

L

)
− c2xnzn − q2E2zn

]

−

(
1− κ

CF (κ)
+

16κh

12CF (κ)

)[
m1yn−1

(
1− yn−1 + zn−1

L

)
− c2xn−1zn−1

−q2E2zn−1

]
+

5κh

12CF (κ)

[
m1yn−2

(
1− yn−2 + zn−2

L

)
− c2xn−2zn−2

−q2E2zn−2

]
.
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10 Results and Discussion

Utilizing the Caputo-Fabrizio derivative, we have performed a numerical simulation of the
model of fish population dynamics. The system of (16)–(18), as described earlier, is solved using
a three-step Adams-Bashforth method [29]. The simulations are implemented in MATLAB with
a step size of h = 0.01. The parameters employed in the simulation are assumed for illustrative
purposes and are confined to biologically feasible ranges. For the numerical scheme presented in
this section, the parameter values listed in Table 1 are used.

Table 1: Parameter descriptions and assigned numerical values.

Parameters Details of the system’s parameters Values
s intrinsic population growth rate of the prey species 1.00
r intrinsic population growth rate of the predator species 0.50
L carrying capacity of prey 500.00
K carrying capacity of predator 100.00
d1 natural mortality rate of predator 0.10
d2 natural mortality rate of immature prey 0.05
E1 harvesting effort of predator 6.00
E2 harvesting effort of prey 5.00
q1 catchability coefficient of predator 0.05
q2 catchability coefficient of prey 0.06
m1 maturity rate of prey species 0.30
c1 predator’s functional feeding response to prey population 0.03
c2 conversion rate of food for the predator 0.02

Initially, we calculate the densities of both the predator and prey populations within themodel
for a range of fractional order values. The fractional order, denoted by κ, plays a crucial role in
incorporating a memory effect into the system. This memory effect has a substantial influence on
the behavior and dynamics of the population density for both the predator and prey populations,
shaping how these populations interact and evolve over time under different conditions of κ.

Figure 1(a) illustrates the population density of the predator in the fractional fishery model,
where κ = 0.6, 0.7, 0.8, 0.9, 1 represents the fractional order. Figure 1(a) indicates that stronger
memory effects (lower κ) enhance early predator growth and help the system stabilize sooner. In
contrast, when κ increases, the growth is slower and the equilibrium is delayed.

Figure 1(b) illustrates the density of immature prey population within the fractional model,
where κ = 0.6, 0.7, 0.8, 0.9, 1 represents the fractional order. The biomass of immature prey ini-
tially increases, reaches a peak, and then declines over time. This graph shows a decline due to
factors like predation, maturation, or resource limitation. Figure 1(b) also indicates that systems
with higher κ exhibit slower stabilization of the population. In contrast, lower κ values reflect
stronger memory effects in the fractional system, leading to a faster response and early stabiliza-
tion.
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Figure 1: Time series plot of (a) predator population x (b) immature prey population y and (c) mature prey population z with respect to
time t for fractional order κ = 0.6, 0.7, 0.8, 0.9, 1. Phase diagram of the equilibrium point (d) E∗

2 (0, ȳ, z̄) and (e) E∗(x∗, y∗, z∗) for
fractional order κ = 0.75.
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Figure 1(c) represents the population density of mature prey within the fractional model with
fractional orders κ = 0.6, 0.7, 0.8, 0.9, and 1. Figure 1(c) shows that lower values of κ (stronger
memory effects) cause the mature prey population to decline more rapidly and stabilize earlier
at lower biomass levels. Conversely, higher values of κ leads to slower decline and prolonged
persistence of the prey population. This pattern suggests that memory accelerates the impact
of predation and harvesting on the mature prey class, making the system more sensitive to past
exploitation.

Populations in ecosystems with little or no memory (higher κ) typically react rapidly to dis-
turbances or changes in the environment, which delays their stabilization. Populations react to
changes more slowly in ecosystems where memory effects are high (lower κ). Long-term biolog-
ical processes like delayed reproduction, prolonged maturation times, or environmental factors
like resource regeneration could be the cause of this. Over time, the system gradually adapts,
resulting in population dynamics that are more sustainable and stable.

Figure 1(d) shows that the absence of predators (or their negligible influence) simplifies the
dynamics, focusing only on the interaction between immature and mature prey. The trajectories
converge to a stable equilibrium point, representing a balance between immature andmature prey
populations without the influence of predators.

Figure 1(e) implies that the inclusion of predator dynamics adds complexity. The trajectories
demonstrate oscillatory behavior due to predation and feedback effects between predator andprey
populations. The graph represents a stable coexistence equilibrium where predators, immature
prey, and mature prey coexist in balance.

11 Conclusions

In this study, we developed and analyzed a mathematical model to explore the dynamics of
predator-prey interactions. The study of our predator-prey fractional model highlights the sig-
nificant role that the fractional order parameter plays in shaping population dynamics. The in-
corporation of fractional calculus introduces memory effects, which influence how predator and
prey populations evolve over time. Our numerical simulations demonstrate that by adjusting the
fractional order, we can effectively control the speed at which populations converge toward equi-
librium. Specifically, lower fractional orders lead to a more rapid stabilization of the system, while
higher fractional orders introduce a delay due to weaker memory effects.

This ability to regulate convergence through fractional-order modeling is crucial for under-
standing and managing ecological systems. It allows researchers and practitioners to simulate
real-world scenarios where species interactions are influenced by past population states and envi-
ronmental factors. The results indicate that fractional-order models provide a more flexible and
accurate representation of predator-prey relationships compared to traditional integer-ordermod-
els, which assume instantaneous responses to changes.

Overall, our findings underscore the importance of fractional calculus in ecological modeling.
This approach provides deeper insights into ecosystem behavior and offers potential applications
in ecological conservation, fisheries management, and sustainable harvesting strategies.
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